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============

Let *S* be the set of nonzero integers expressible as a sum of two integer squares. For $\documentclass[12pt]{minimal}
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**Definition 1.1** {#FPar1}
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We note that any attainable measure is automatically symmetric. Now, if two integers $\documentclass[12pt]{minimal}
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Motivated by the above, we say that a measure $\documentclass[12pt]{minimal}
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**Proposition 1.2** {#FPar2}
-------------------

The set of attainable measures is closed under convolution. Further, it is the closure (in the weak topology) of the collection of all convolutions of finitely many prime power attainable measures, i.e., it is topologically generated by the prime power attainable measures.
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Hence the set of attainable measures is the smallest closed (in the weak topology) set containing all the prime power attainable measures and closed w.r.t. convolution of probability measures. The set of all symmetric probability measures is clearly a convex set, hence equals the convex hull of its extreme points. Quite interestingly, the set of prime attainable measures is exactly the set of extreme points. Now, since the set of attainable measures contains the extreme points, and is closed under convolution one might wonder if *all* symmetric probability measures are attainable? By studying Fourier coefficients of attainable measures we shall show that **not all symmetric measures are attainable**.
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**Theorem 1.3** {#FPar3}
---------------
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For comparison, we note that the Fourier coefficients of the full set of symmetric probability measures has the following quite simple description (see Sect. [3.2](#Sec12){ref-type="sec"} below):$$\documentclass[12pt]{minimal}
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To give an indication of the rate at which the admissible region is "filled out", as well as illuminate what happens in the region $\documentclass[12pt]{minimal}
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Note that points lying clearly above the red curve, but below the green one, are quite rare. However, "spikes" in the region $\documentclass[12pt]{minimal}
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Square free attainable measures {#Sec2}
-------------------------------

As we shall see, the spikes in the region $\documentclass[12pt]{minimal}
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The proof of Theorem [1.4](#FPar4){ref-type="sec"} is very similar to the proof of Proposition [1.2](#FPar2){ref-type="sec"}, cf. Remark [4.2](#FPar12){ref-type="sec"}.

Prime power attainable measures {#Sec3}
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In fact, we will show that for every $\documentclass[12pt]{minimal}
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### **Theorem 1.6** {#FPar6}
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Discussion {#Sec5}
----------

Our interest in attainable measures originates in the study \[[@CR5]\] of zero sets ("nodal lines") of random Laplace eigenfunctions on the standard torus $\documentclass[12pt]{minimal}
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                \begin{document}$$r_{2}(n) \rightarrow \infty $$\end{document}$, is maximal---namely the full interval \[0, 1\]. This is indeed the case (cf. \[[@CR5], Section 1.4\]), but a very natural question is: which measures are attainable?

In order to obtain asymptotics for the above variance it is essential to assume that the eigenspace dimension grows, and one might wonder if "fewer" measures are attainable under this additional assumption. However, as the following shows, this is not the case (the proof can be found in Sect. [4.4](#Sec17){ref-type="sec"}.)

### **Proposition 1.7** {#FPar7}
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                \begin{document}$$r_{2}(n_{j})\rightarrow \infty $$\end{document}$.

Outline {#Sec6}
-------

For the convenience of the reader we briefly outline the contents of the paper. In Sect. [2](#Sec7){ref-type="sec"} we give some explicit examples of attainable and non-attainable measures, and describe our motivation for studying the set of attainable measures. In Sect. [3](#Sec10){ref-type="sec"} we give a brief background on Fourier coefficients of probability measures, and in Sect. [4](#Sec13){ref-type="sec"} we recall some needed facts from number theory along with proving the more basic results above. Section [5](#Sec18){ref-type="sec"} contains the proof of Theorem [1.3](#FPar3){ref-type="sec"} (a complete classification of attainable measures in the region $\documentclass[12pt]{minimal}
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                \begin{document}$$|\hat{\mu }(4)| \le 1/3$$\end{document}$), postponing some required results of technical nature to the appendix. Finally, in Sect. [7](#Sec29){ref-type="sec"}, we classify the set of square-free attainable measures.

Examples of attainable and unattainable measures {#Sec7}
================================================

Some conventions {#Sec8}
----------------
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                \begin{document}$$\begin{aligned} \tilde{\delta }_{0} := \frac{1}{4}\sum _{k=0}^{3}\delta _{i^{k}} \end{aligned}$$\end{document}$$be the atomic probability measure supported at the 4 symmetric points $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \tilde{\delta }_{\theta ,m} := \tilde{\delta }_{0} \bigstar \left( \frac{1}{m+1} \sum _{j=0}^{m}\delta _{e^{i \theta (m-2j)} } \right) . \end{aligned}$$\end{document}$$We note that $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{\delta }_{0}$$\end{document}$ is a convenient way to ensure that a measure is symmetric.

Some examples of attainable and unattainable measures {#Sec9}
-----------------------------------------------------
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                \begin{document}$$\tau _{\theta }$$\end{document}$ denote the symmetric probability measure with uniform distribution on the four arcs given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$d\mu _{\text {Haar}}$$\end{document}$ as an attainable measure.

It is also possible to construct other singular measures. In Sect. [4](#Sec13){ref-type="sec"} we will outline a construction of attainable measures, uniformly supported on Cantor sets. Moreover, if *q* is a prime congruent to 3 modulo 4 it is well known that the solutions to $\documentclass[12pt]{minimal}
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We may also construct some explicit *unattainable* probability measures on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {S}^{1}$$\end{document}$ satisfying all the symmetries; in fact the following corollary of Theorem [1.6](#FPar6){ref-type="sec"} constructs explicit unattainable measures, remarkably supported on 8 points only---the minimum possible for symmetric unattainable measures.

### **Corollary 2.1** {#FPar8}

(Corollary from Theorem [1.6](#FPar6){ref-type="sec"}) The probability measure$$\documentclass[12pt]{minimal}
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Fourier analysis of probability measures {#Sec10}
========================================

Some notation and de-symmetrization of probability measures {#Sec11}
-----------------------------------------------------------
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Measure classification on the Fourier side {#Sec12}
------------------------------------------
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Proofs of the basic results {#Sec13}
===========================

Number theoretic background {#Sec14}
---------------------------
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Proof of Proposition [1.2](#FPar2){ref-type="sec"} {#Sec15}
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### *Proof* {#FPar11}
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### *Remark 4.2* {#FPar12}

The proof of Theorem [1.4](#FPar4){ref-type="sec"} is similar---replacing prime power attainable measures with prime attainable measures in the above argument yields the corresponding result for square-free attainable measures.

Cantor sets are attainable {#Sec16}
--------------------------
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Proof of Proposition [1.7](#FPar7){ref-type="sec"} {#Sec17}
--------------------------------------------------

### *Proof* {#FPar13}
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Some conventions related to Fourier analysis {#Sec19}
--------------------------------------------
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Proof of Theorem [1.3](#FPar3){ref-type="sec"} {#Sec20}
----------------------------------------------

The two statements of Theorem [1.3](#FPar3){ref-type="sec"} are claimed in Propositions [5.1](#FPar14){ref-type="sec"} and [5.2](#FPar15){ref-type="sec"}, and proved in Sects. [5.3](#Sec21){ref-type="sec"} and [5.6](#Sec25){ref-type="sec"} respectively. Note that Proposition [5.2](#FPar15){ref-type="sec"} yields attainable measures with the relevant Fourier coefficients regardless whether $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x>\frac{1}{3}$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\le \frac{1}{3}$$\end{document}$.

### **Proposition 5.1** {#FPar14}

Points (*x*, *y*) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x>\frac{1}{3}$$\end{document}$ corresponding to attainable measures lie under the max curve, i.e. if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x,y)\in \mathcal {A}_{2}$$\end{document}$ then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} y \le \mathcal {M}(x), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {M}(x)$$\end{document}$ is given by ([3](#Equ3){ref-type=""}).

### **Proposition 5.2** {#FPar15}
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In what follows, by componentwise product we will mean$$\documentclass[12pt]{minimal}
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### **Definition 5.3** {#FPar16}
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We are now in a position to prove Proposition [5.1](#FPar14){ref-type="sec"}.

### *Proof of Proposition 5.1 assuming Lemma 5.4 and Proposition 5.5* {#FPar19}
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Proof of Lemma [5.4](#FPar17){ref-type="sec"}: the mixed sign points $\documentclass[12pt]{minimal}
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---------------------------------------------------------------------------------------------------

To pursue the proof of Lemma [5.4](#FPar17){ref-type="sec"} we will need some further notation.

### **Notation 5.6** {#FPar20}
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Recall the Definition [5.3](#FPar16){ref-type="sec"} of totally positive attainable points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned} y \le \mathcal {M}(x). \end{aligned}$$\end{document}$$Therefore the following lemma implies Lemma [5.4](#FPar17){ref-type="sec"}.

### **Lemma 5.7** {#FPar21}

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x,y)\in \mathcal {A}_{2}^{-}$$\end{document}$ is a mixed sign attainable point then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (x,y) \in B_{1}\cup B_{2}. \end{aligned}$$\end{document}$$

To prove Lemma [5.7](#FPar21){ref-type="sec"} we establish the following two auxiliary lemmas whose proof is postponed until immediately after the proof of Lemma [5.7](#FPar21){ref-type="sec"}.

### **Lemma 5.8** {#FPar22}
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### **Lemma 5.9** {#FPar23}
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### *Proof of Lemma 5.7 assuming the auxiliary lemmas* {#FPar24}
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We further note that both $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_{1},y_{1})$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_{2},y_{2})$$\end{document}$ lie in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{2}$$\end{document}$. Thus by Lemma [5.9](#FPar23){ref-type="sec"},$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (x_{1},y_{1})\cdot (x_{2},y_{2}) \in B_{1}. \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\tilde{x}|,\tilde{y} \le 1,$$\end{document}$ the result follows on noting that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{1}$$\end{document}$ is mapped into itself by any map of the form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (x,y) \rightarrow (\alpha x, \beta y), \end{aligned}$$\end{document}$$provided that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 0 \le |\alpha |, \beta \le 1. \end{aligned}$$\end{document}$$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Proofs of the auxiliary Lemmas 5.8 and 5.9 {#Sec23}

#### *Proof of Lemma 5.8* {#FPar25}
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Proof of Proposition [5.5](#FPar18){ref-type="sec"}: totally positive points $\documentclass[12pt]{minimal}
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### **Lemma 5.10** {#FPar27}
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### *Proof* {#FPar28}
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### **Lemma 5.11** {#FPar29}
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### *Proof* {#FPar30}
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We proceed to characterize points lying on curves $\documentclass[12pt]{minimal}
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### *Proof* {#FPar32}
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### *Proof of Proposition 5.5* {#FPar33}
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Proof of Proposition [5.2](#FPar15){ref-type="sec"}: all points under the max curve are attainable {#Sec25}
--------------------------------------------------------------------------------------------------

### **Lemma 5.13** {#FPar34}
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### *Proof of Proposition 5.2 assuming Lemma 5.13* {#FPar35}
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### *Proof of Lemma 5.13* {#FPar36}
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====================================================================================================

It is obvious that the second assertion of Theorem [1.6](#FPar6){ref-type="sec"} implies the first part, so we only need to prove the second one. However, since the proof of the second assertion is fairly complicated we give a brief outline of how the first assertion can be deduced, and then indicate how to augment the argument to give the second assertion.
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To prove the second assertion we investigate a (fairly large) neighborhood of the point $\documentclass[12pt]{minimal}
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Proof of the second assertion of Theorem [1.6](#FPar6){ref-type="sec"} {#Sec27}
----------------------------------------------------------------------

To prove the main result of the present section we will need the following results. (The proofs of Propositions [6.1](#FPar37){ref-type="sec"} and [6.2](#FPar38){ref-type="sec"} are postponed to Appendices 1 and 2, respectively.)

### **Proposition 6.1** {#FPar37}
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### **Proposition 6.2** {#FPar38}
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We may finally define the function $\documentclass[12pt]{minimal}
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### **Definition 6.3** {#FPar39}
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### *Remark 6.4* {#FPar40}
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The following 3 results will be proven in Appendix 2.
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Proof of Proposition [6.2](#FPar38){ref-type="sec"} by convexity {#Sec28}
----------------------------------------------------------------

The convexity of the component-wise logarithm of a curve implies that finite products of points lying on that curve would stay below it. We aim at eventually proving that all the curves $\documentclass[12pt]{minimal}
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### **Lemma 6.8** {#FPar45}
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The somewhat technical proof of Lemma [6.8](#FPar45){ref-type="sec"} is postponed to Appendix 2.
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Before giving a proof for Lemma [6.9](#FPar46){ref-type="sec"} we may finally prove Proposition [6.2](#FPar38){ref-type="sec"}.

### *Proof of Proposition 6.2 assuming Lemmas 6.8 and 6.9* {#FPar47}
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### *Proof of Lemma 6.9* {#FPar48}
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Proof of Theorem [1.4](#FPar4){ref-type="sec"}: square-free attainable measures {#Sec29}
===============================================================================

*Proof* {#FPar49}
-------
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It then remains to show the sufficiency, i.e. any point (*x*, *y*) satisfying ([4](#Equ4){ref-type=""}) corresponds to a square-free attainable measure. We claim that the attainable measures constructed by Proposition [5.2](#FPar15){ref-type="sec"} are in fact square-free attainable. To this end recall that the collection of all square-free attainable measures is closed under convolutions, so that the products of points corresponding to square-free attainable measures correspond to square-free attainable measures. It is then crucial to notice that the measures corresponding to points lying on the curves$$\documentclass[12pt]{minimal}
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Appendix 1: Proof of Proposition [6.1](#FPar37){ref-type="sec"}: below the "mixed signs" curve $\documentclass[12pt]{minimal}
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**Lemma 8.1** {#FPar50}
-------------
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*Proof of Proposition 6.1 assuming Lemma 8.1* {#FPar51}
---------------------------------------------
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*Proof of Lemma 8.1* {#FPar52}
--------------------
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Appendix 2: Proof of auxiliary technical lemmas {#Sec31}
===============================================

*Proof of Lemma 6.8* {#FPar53}
--------------------

First, by using some simple trigonometric identities (in particular, that $\documentclass[12pt]{minimal}
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**Lemma 9.1** {#FPar54}
-------------

The function *q*(*s*), defined by ([60](#Equ60){ref-type=""}), satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q(s)\ge 0$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\in \left[ 0,\frac{\pi }{2}\right] $$\end{document}$.

*Proof of Lemma 6.8* {#FPar55}
--------------------

The result of the lemma is evident from plotting *q*(*s*) numerically, but a formal argument can be given along the following lines. We have$$\documentclass[12pt]{minimal}
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*Proof of Lemma 6.5* {#FPar56}
--------------------
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*Proof of Corollary 6.6* {#FPar57}
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*Proof of Lemma 6.7* {#FPar58}
--------------------
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One may think about this procedure as a number theoretical analogue of choosing an independent identically distributed copy of a given random variable.
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In writing this way we follow Vinogradov: the exact value of $\documentclass[12pt]{minimal}
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